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An analytical study is presented to determine a flutter 
criterion applicable to helicopter rotor blades. To accomplish this, 
it is necessary to establish the relative accuracy and computational 
efficiency of compressible unsteady aerodynamic theories applicable 
to rotor blades. Considerations are restricted to the "classical" 
flutter of an equivalent single bladed rotor in hover at low inflow. 
Strip theory is used to compute aerodynamic loads. Comparison is 




Improvements in modern helicopter technology require considera-
tion of innovative and advanced rotor blade concepts. Design methods 
have resulted in the evolution of present rotors without adequate 
definition of aerodynamic and dynamic characteristics. 
The most important single component of a flutter analysis Is the 
representation of the aerodynamic loads. Flutter is a well defined 
phenomenon for fixed wing vehicles whose lifting surfaces experience 
a uniform free stream velocity at each spanwise station. A helicopter 
rotor does not experience a uniform velocity at each spanwise station. 
Therefore, the definition of flutter and an associated flutter boundary 
must he re-examined. 
As fixed wing vehicles have progressed from low subsonic to the 
hypersonic flight regime, approximate unsteady aerodynamic theories 
have evolved to assist in predicting and understanding the associated 
aeroelastic instabilities. In the case of helicopter rotors, a 
parallel development of appropriate aerodynamic theory is far from 
complete. A major reason for this deficiency is the extremely compli-
cated flow field of a helicopter rotor. 
The vorticity shed from an oscillating lifting surface of a 
conventional aircraft remains almost in the plane of the lifting sur-
face as it moves downstream „ In contrast the vorticity shed from a 
helicopter rotor forms a helical pattern below the rotor disk due to 
the presence of a finite inflow through the disk. In forward flight 
this helix is skewed in the downstream direction while in vertical 
ascent or hover it is displaced axially "below the plane of the rotor 
disk. Figure 1 illustrates this helical pattern for the condition of 
high and low inflow in vertical ascent. In the case of high inflow, 
illustrated in Figure 1A, the shed vorticity is rapidly displaced 
below the plane of the rotor. In such cases it is admissible to use 
fixed wing unsteady aerodynamics in a strip theory fashion provided the 
spanwise velocity gradient is incorporated. The condition of low 
inflow shown in Figure IB yields a radically different vorticity pattern 
below the rotor disk. The axial displacement of the shed vorticity 
from previous passages of the rotor and other rotors in the system is 
significantly less for low inflow. The proximity of the wake vorticity 
pattern to the rotor precludes the use of fixed-wing unsteady aero-
dynamic theory. However, practically all published flutter analyses 
(see References [l],[2],[5], and [6]) have utilized fixed-wing unsteady 
aerodynamics for both conditions shown in Figure 1. In addition, many 
investigations were based on quasi-steady aerodynamic derivatives. 
Most previously published helicopter flutter analyses have placed 
considerable emphasis on accurately representing the structural dynamic 
properties of the rotor. As a result of using fixed wing aerodynamics 
the predicted flutter can be extremely unconservative. Thus, the 
understanding of the mechanism of aeroelastic flutter of rotors is 
significantly less than corresponding fixed wings. 
The lack of adequate aerodynamic theory has led helicopter 
A. High Inflow B. Low Inflow 
Figure 1. Schematic Represen ta t ion of Unsteady Rotor Flow F ie ld 
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designers to rely heavily on past experience and fixed wing theory. 
However, advances in helicopter design by these methods have progressed 
to the level that their future use is questionable. Recently a limited 
number of investigations, (see References [7-ll]) primarily outside the 
mainstream of helicopter design, followed the logical method of 
replacing the rotor and its complicated wake with a simplified but 
tractable model. Using this simplified model, it was then possible to 
apply the many proven methods of fixed wing analyses to predict the 
unsteady aerodynamic loads on a helicopter rotor. However, calcula-
tion of the aerodynamic loads is arduous and time consuming due to the 
enormously complicated effects of the wake. 
The analysis of rotor aeroelastic flutter also requires appro-
priate representation of the structural dynamic characteristics. In 
general structural dynamic methods used for fixed wings are applicable 
provided that the centrifugal force is included. However, helicopter 
rotors exhibit numerous root boundary conditions Including feathering, 
inplane and flapping hinge offsets from the axis of rotation which 
lead to kinematic coupling. Furthermore, the possibility of rotor hub 
elasticity must be considered. Numerous satisfactory methods of 
representing the structural dynamics of a rotor are available (see 
References [l-6]). These methods approximate a continuous structure 
possessing infinite degrees of freedom by a discrete system with 
finite degrees of freedom. 
CHAPTER II 
UNSTEADY AERODYNAMIC THEORIES APPLICABLE 
TO HELICOPTER ROTOR BLADE FLUTTER 
In this chapter the available unsteady aerodynamic theories 
applicable to rotor blade flutter are reviewed. Although the emphasis 
of this research is within the subsonic compressible regime, both 
incompressible and compressible aerodynamic theories are compared. The 
incompressible methods provide valuable insight into the complicated 
flow field of a helicopter rotor. Also physical parameters which are 
unique to the unsteady aerodynamic theory of helicopter rotors are 
readily identified. 
Incompressible Theories 
The first significant development in the unsteady aerodynamic 
theory of helicopter rotors was made independently by Loewy 17 ] , 
Jones [8], and Timman and Van de Vooren [9]- In this approach, which 
considered the flow to be incompressible, various assumptions were 
introduced to make the mathematical analysis more tractable. The 
primary restriction is that the helicopter is assumed to be operating 
in a vertical ascent or hovering condition. Within these restrictions 
it was possible to reduce the complicated three-dimensional rotor flow 
field to a more manageable two-dimensional flow field. The resulting 
two-dimensional mathematical model as illustrated in Figure 2 included 
Reference Airfoil 
n q 
0 0 V = Or 
0 Q- l 
1 1 
QJi Qh 
n q = Q- l q = "blade number 
n = rotor revolution index 
Figure 2. Loowy's Incompressible Aerodynamic Model 
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a reference airfoil together with a system of wakes shed by the other 
blades as well as the wake shed by the reference blade during previous 
revolutions. Using this two-dimension approximation to the rotor flow 
field Loewy [7] "was able to show that the loading on the reference 
airfoil could be written in the same form as the loading on an 
oscillating two-dimensional fixed wing airfoil. This fixed wing 
result was originally given by Theodorsen [10] in terms of a lift 
deficiency function (Theodorsen function) which modified the quasi-
steady circulatory lift. The only difference between the results of 
Loewy and Theodorsen is that the complex lift deficiency function is 
modified to account for the layers of vorticity below the reference 
airfoil. The lift deficiency function from fixed wing theory is a 
function of only reduced frequency. However, Loewy's modified form 
is a function of reduced frequency k, frequency ratio v and inflow 
ratio h which determines the wake spacing below the reference 
airfoil. The significance of Loewy1s analysis is the introduction of 
frequency ratio and inflow ratio as parameters appearing only in the 
modified lift deficiency function. In addition to the known importance 
of reduced frequency, both frequency ratio and inflow ratio were shown 
to be of major importance in determining the unsteady aerodynamic 
loads of a helicopter rotor. 
Using fixed-wing unsteady aerodynamic theory for comparison 
Loewy found that the aerodynamic coefficients were significantly 
different for low inflow, lor the condition of high inflow, increasing 
agreement was demonstrated and identical results obtained for infinite 
wake spacing. At a finite inflow ratio the aerodynamic coefficients 
8 
were found to be cyclic in frequency ratio v. Moreover, it was found 
that the lift damping derivatives in pitch and translation abruptly 
decreased in magnitude near integer values of v and that high inflow 
attenuated this decrease. In the case of a multiple blade rotor system 
this behavior occurs near multiple integer values of the number of 
blades. Thus a two bladed rotor system would experience an abrupt 
decrease in the magnitude of damping derivatives near even integer 
values of v. 
The unsteady aerodynamic theory of Loewy was used by Hammond 
[ll] to investigate the flutter characteristics of a two-dimensional 
section of a rotor. A comprehensive parametric variation established 
the significance of frequency ratio and inflow ratio on the flutter 
characteristics of this section. Hammond [ll] found that the presence 
of the wake below the plane of the rotor is a destablizing influence. 
The frequency ratio v was shown to be a major importance in deter-
mining flutter speed. At near integer values of v a significant 
destablizing influence was observed. Thus, "Jammond [ll] verified 
Loewey's conclusions that an abrupt decrease of the aerodynamic damp-
ing derivatives near integer values of v could lead to an aero-
elastic instability. An important aspect of Hammond's two-dimensional 
flutter analysis is the apparent similarity between the fixed wing 
and rotor damping plots. It is obvious that this apparent similarity 
of damping plots In a two-dimensional rotor flutter analysis is a 
consequence of v and k being independent parameters. As discussed 
later, the damping plots of a finite rotor are significantly influenced 
by the cyclic behavior of the aerodynamic coefficients. 
9 
Experimental verification of the oscillatory "behavior of rotor 
aerodynamic coefficients was provided by Ham, Moser and Zvara [12]. 
A vibration test of a two-bladed rotor model was conducted by vibrating 
the hub in an axial direction and observing the resulting response of 
the elastic rotor. Their results are illustrated in Figure 3 where 
it is observed that abrupt resonant peaks in the vibratory response, 
which denotes a loss of aerodynamic damping, occur at even integer 
values of frequency ratio. They were also able to predict this response 
using Loewy's modified lift deficiency function, C (k,v, h ), while 
Theodorsen's function, C(k), for fixed wings failed to exhibit this 
behavior. These experimental results strongly imply that a correspond-
ing abrupt loss of aerodynamic damping would significantly affect the 
flutter characteristics of helicopter rotors. An extensive review of 
the literature failed to yield experimental or analytical flutter data 
exhibiting this phenomenon of abrupt loss of aerodynamic damping. 
A limited number of three-dimensional unsteady aerodynamic 
theories have been published. Miller [13] has presented a summary of 
the past approaches taken in obtaining rotor blade aerodynamic loads. 
In this approach the aerodynamic loads resulting from the near wake 
are treated using lifting surface theories, while the far wake is 
treated using the lifting line approximation. 
Ashley, Moser and Dugundji [lU] present a comprehensive unsteady 
lifting surface theory for a helicopter rotor in hover flight. 
Reissner's [15] fixed wing unsteady lifting line theory is extended 
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the lifting surface is incorporated "by utilizing Loewy's wake model. 
Aerodynamic loads are computed by combining Reissner's approximations, 
incorporating the spanwise velocity gradient and replacing C(k) with 
Loewy's modified lift deficiency function C (k,v,h ). Unlike the 
applicability and mathematical simplicity of Loewy's two-dimensional 
theory, the analytic development and numerical application of this 
three-dimensional theory are rather involved and lengthy. The results 
of representative numerical calculations from Reference [l̂ -] provides 
valuable, if not the only, insight into three-dimensional effects on 
unsteady aerodynamic loads. Figure k shows the magnitude of the three-
dimensional lift distribution due to pitching oscillation. The 
consequence of neglecting the wake is significant for both two-dimen-
sional and three-dimensional calculations. In addition, Figure k 
indicates that differences between two-dimensional and three-dimensional 
calculations including the wake are negligible except near the tip. 
Reference [l^] concluded that three-dimensional effects, with the 
exception of small phase shifts, were such that, under some circum-
stances, strip theory could be applied. These results do not account 
for the potentially large influence of the strong helical vortices near 
the tip. 
In a recent publication, Ichikawa [l6] presents a comprehensive 
lifting surface theory for a helicopter rotor in forward flight. In 
this theory, the lifting surface equations are developed for a rotor 
in forward flight and then a reduction to the lifting line equations is 
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Figure k. Magnitude of Three Dimensional Lift Distribution Due to Pitching 





In general, the complexity of these unsteady lifting surface 
theories precludes their use for practical flutter analysis to rapidly 
obtain estimates of flutter speed and the effect of varying blade 
parameters on flutter speed. In succinct terms, the required amount 
of systematization and breadth of applicability is yet to be achieved 
by three-dimensional unsteady aerodynamic theories. 
Compressible Theories 
Modern helicopters operate with high tip speeds in the subsonic 
range, thus indicating that compressibility effects should be included 
in an analysis of rotor flutter. 
The aerodynamic model treated by Loewy as illustrated in Figure 
2 was recently analyzed by Jones and Rao [l8] to include compressibility 
effects. Instead of using an incompressible vortex solution, Jones 
and Rao incorporated a compressible solution for the velocity potential 
in conjunction with Loewy's flow model. Their analysis follows a 
technique developed earlier by Jones [19] for the two-dimensional 
fixed wing oscillating in subsonic flow. 
Hammond [20] independently analyzed a slightly different model 
of the two-dimensional compressible problem. Hammond's mathematical 
model is shown in Figure 5. The acceleration potential approach 
which has proved fruitful in fixed wing analysis was used by Hammond. 
With a velocity potential approach such as used by Jones and Rao, the 
elemental vorticity must be distributed in the wake and on the airfoil 
to account for the velocity discontinuity across the wake and airfoil. 
In contrast, however, the acceleration potential used by Hammond is 
11+ 
) - l 
n = co >-l 
c 
Reference A i r f o i l 
V = Or 
c 
k b ** b *| 
e ^ 
c 
— 9 r 
_ _ 2 
2nr 
2nr + 9 r 
2h b 
h ' b 
Qb- b Qh b 
q = B lade number 
n = Rotor r e v o l u t i o n i n d e x 
2TT 
1 Q * 
F i g u r e 5 . Compres s ib l e Aerodynamic Model f o r a M u l t i b l a d e d Rotor 
15 
associated with a pressure discontinuity. This necessitated the use 
of artificial airfoils to generate the layers of wake below the 
reference airfoil. As a result, the lower wakes include the effects of 
compressibility due to their finite distance from the reference air-
foil. Hammond was able to reduce his model to that used by Jones and 
Rao by allowing the wake airfoils to lead the reference airfoil by an 
infinite distance. Thus, the time delay between the initiation of a 
disturbance and the time it is felt at the reference airfoil Is thus 
lost and the wake layers appear as incompressible wakes. This is 
exactly the result obtained by Jones and Rao. Figure 6 illustrates 
aerodynamic derivatives computed by hammond [20] and Jones and Rao [l8] 
at Mach numbers of 0.0, 0.6 and 0.8. It is obvious that different 
results were obtained for the two flow models. The importance of 
these differences can only be established on the basis of how they 
influence flutter speed. Of equal importance is the economical 
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In this chapter, the equations of motion are derived and used 
to formulate the flutter determinant. The solution of the flutter 
equations is discussed. The appropriate differences between a 
helicopter rotor and fixed wing analysis are examined. 
Equations of Motion 
The displacement of a typical section of the rotor at a radial 
station y Is shown in Figure "J. This two-dimensional section is 
subject to inertial, elastic and aerodynamic loads. An element of 
mass per unit area, m , is subject to a centrifugal force 
- 2 
dE = m Q y dx c 
Following the suggestion of Rosenberg [2], the normal component of 
centrifueal force is 
: dF ) = m Q y sin 8 dx 
c 
n 
which for small elastic displacements, is approximated by 
, dF ) = m Q y e dx 
n 
G 








Figure 7. Notation for Blade Displacement 
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This component of centrifugal force is shown in Figure 8. The total 
translatory displacement of an element of mass m is w + (x - ab)^ 
and 0 is approximately given "by 
w + (x - ab)a / y 
The above expression for 9 is identically true only for blades 
whose translatory deflection is caused entirely by a flapping deflec-
tion about a hinge located at the root. For blades which deflect 
elastically and which are hingless this expression is an approximation 
as shown in ; i/ure 8. Using the above expression the normal component 
of centrifugal force is approximated by 
dF = m 0 
c/ 
n 
2 w + (x - ab)a dx 
and the centrifugal moment about the elastic axis is 
dM = m Q ( x - a b ) w + ( x - a b ) a dx 
A chordwise i n t e g r a t i o n gives the c e n t r i f u g a l force and moment per 
u n i t span about the e l a s t i c ax i s a t a spanwise s t a t i o n y . 
2 2 
m Q w + S 0. a ot 
( i ; 








m m dx 
-ID 
S = J (x - ab) m dx 
-b 
b 
I = (x - ab) m dx 
-b 
Equations ( l ) are considered as c e n t r i f u g a l body forces per u n i t span 
which approximate the i n e r t i a l loads due t o b lade r o t a t i o n . 
At a r a d i a l s t a t i o n y the k i n e t i c energy per u n i t span for 




dz > 2 
at'J ™ d x o: 
w + (x - ab)a » 
s u b s t i t u t i n g Equation (k) i n t o Equation (3) and us ing the d e f i n i t i o n s 




2 • • 2 
m w + 2 S Qfw + I A 
(5: 





m w + 2 S *w + I * 
(2 Of 
dy (6) 
The potential energy of the internal forces may be written as the 
total of the strain energy in "bending and torsion as 
U = 
yt 














A matrix integration formulation of the coupled bending-
torsional natural vibration of a rotating blade is presented in 
Appendix A. Unfortunately available computer facilities precluded the 
use of this method in the present study. The alternative procedure 
used in this study was to conduct a conventional lumped parameter 
vibration analysis for the coupled bending-torsion modes of a non-
rotating blade. If the coupled bending-torsional modes of the 
3̂ 
non-rotating blade are used as assumed modes for the rotating blade 
the displacement at a radial station may be approximated as a super-
position of the contributions of the various modes. 
M 
h(y,t) = 1 h.(y) §±(t) (8) 
i=l 
M 
«(y,t) = £ a±(y) l±(t) 
i=l 
Equations (8) may be written in matrix form as 
M 1§} (9) 
- ,i 
where 0 I is the eigenvector matrix for the normal modes of the 
non-rotating beam. Substituting Equations (8) into Equation (6) and 
using the orthogonality of the normal modes the kinetic energy may 
be expressed in non-dimensional form as 
M 
1 k r- -2 






[\ih2± + ̂  o£ + 2 ̂ h . a j dTl (11) 
where the following nondimensional parameters have been introduced 
h = w/b̂  (12) 
^ = m /npb; 
xa = S^mbt 
2 r -a I /mbf a; t 
Tl = y/R 
Using the normal modes the potential energy is expressible as a 
function of the generalized coordinates (Reference [U]). 
M 
1 k T 2 2 
U = - TTpb, R > G. UJ. 5. 




Lagrange's equations of motion may be wri t ten as 
dt &§. 3§. 1 
5 1 1 
The generalized forces Q. can be determined from the v i r t u a l work 
done by the aerodynamic loads and the centrifugal body forces. Thus 
if L is the l i f t per unit span, M is the to rs iona l moment about 
the e l a s t i c axis per unit span, the v i r t u a l work done during a v i r t u a l 
th displacement of the i mode is 
\ 
6W. = R 6§. ( i / b h. + M V - F ' K h. - M' a . ) dT\ (15) 
1 1 J \ t 1 1 c t i c 1 / 
and the generalized force is determined as 
6W. 
1 
6 5 i 
Using the following expressions given by Smilg and Wasserman [2l] for 
a two-dimensional airfoil experiencing simple harmonic motion 
L' = npA2 {l̂  I + [L„ - K (| + a)] * } (16) 
M'=np,V {[Mh-I,(| + a)]f 
2 
+ LM« - (L« + *0 (I+ a ) + \ (I+ a) > ) 
the generalized forces can be obtained from Equation (15). The two-
dimensional aerodynamics are applied in a "strip theory", fashion. 
It should also be noted that when the centrifugal force and moment, 
given by Equation (l), are substituted into the integral of Equation 
(15) the orthogonal property of the normal modes simplifies the 
result. The final expression for the generalized forces due to 
simple harmonic motion can be written as 
M 
P 1 = ̂ t R (^ I Ali §.1 - ̂  Gi h ) M 
-3=1 
The terms, G., are given by Equation (ll), and the aerodynamic terms, 




i j KQyVi j (18) 
\ 1̂ + a) ] hi °J 
(f ) [«h " \ (I + a) ] "i h.i 
t 
i+ r-
A - ^ + v V2+ a ; + \ K2+ v f±ai >df 
Substituting Equations (10), (13) and (17) into Equation (l^) yielo. 
a set of M equations which can be written in matrix form as 
F ~ JVl ^ G \^\ + UU.G 
- ^ < J _ 1 ^ J 
(19) 
= UL) A 
L J s} - n* [o] {5} 
Assuming simple harmonic motion for each of the normal modes, as was 
presumed for the aerodynamic terms, of the form 
5 = S e 
iaut 
and defining a frequency ratio parameter as 
= OJ/Q 
Equation (19) becomes 
(JO. 2 n 
M » - [ ( ¥ °] { 20' 
L î 
v 
2 {s}• H {*} - H 
The matrix elements in Equation (20) are integrals over the 
span which can be evaluated numerically. Introducing a discretized 
blade model provides an approximate method of evaluating these 
integrals in matrix form. The blade is divided into an even number 
of equal segments. If the number of segments is n - 1, this will 
define n control points at which the blade properties are known. 
Applying Simpson's rule, a matrix of weighting numbers can be 










to accomplish the numerical integration. If j0r is a column of the 
0 of Equation (9) and modal matrix 
then the elements of GJ as defined by Equation (ll) can "be determined 
as 
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In a similar fashion the matrix I A , whose elements are defined by 
Equation (18), can be determined as 


































Equat ions (21) t o (27) are used with the modal ma t r ix 0 °f 
Equation (9) t o determine the mat r ix elements of Equation (20) . I t 
may be noted t h a t in Equation (20) the gene ra l i zed c e n t r i f u g a l force 
ma t r ix i s p r o p o r t i o n a l to the gene ra l i zed mass m a t r i x . This impl ies 
t h a t the net e f f ec t of i nco rpo ra t i ng the c e n t r i f u g a l force by Rosenberg's 
[2] approximation i s t o simply reduce the e f f e c t i v e gene ra l i zed mass 
of a l l the normal modes. 
In order t o f a c i l i t a t e the s o l u t i o n of these f l u t t e r e q u a t i o n s , 
a r t i f i c i a l s t r u c t u r a l damping i s In t roduced. A s t r u c t u r a l damping 
c o n s t a n t , g , may be included by the approximation of r e p l a c i n g CJU 
by uu.(l + Ig) in Equation (20) . 
2 
• a ) . , 2 
- ( i ) ( - ^ M + M - M H ^ 
3̂  
The necessary and sufficient condition for a non-trival solution 
of Equation (28) is that the determinant of the coefficient matrix 
vanish. 
The representation of the inertial loads due to blade rotation 
and the use of a discretized model are the essential approximations 
in the development of Equation (28). Therefore, the solutions pro-
vide only an approximation of the aeroelastic instability of a helicopte 
rotor. 
The major concern of this research is the examination of recent 
aerodynamic theories applicable to rotor flutter prediction in subsonic 
flow. The generalized aerodynamic loads are present in Equation (28) as 
the matrix , A Equation (23) illustrates that the above approximations 
influence the aerodynamic loads only through the modal matrix W-
However is relatively insensitive to rotor speed [22]. Therefore, 
for the purpose of a qualitative comparison of aerodynamic representa-
tions, Equation (28) is adequate. 
An alternate formulation of the coupled bending-torsion free 
vibration of a rotor blade is presented in Appendix A. This formula-
tion is based on a recent study by Hunter [23] of the natural bending 
vibrations characteristic of propeller blades. Excellent results 
were obtained using this method for the natural frequencies and mode 
shapes of a rotor blade. Unfortunately, available computer facilities 
precluded the use of this method in the present study. The limited 
numerical results obtained in this investigation and the comprehensive 
results of Hunter [23] for propeller blades indicate that this method 
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could "be used successfully for design and parametric studies of 
helicopter rotors. 
Flutter Determinant 
The necessary and sufficient condition for a non-trivial 
solution of Equation (28) is that the determinant of the coefficient 
matrix vanish. Applying this condition to Equation (28) yields 
FM\ = 




. . . F 
M2 
1M 
F - X . . . F 
22 2M 
MM 
= o (29) 
where 
r 
F. . = 
1J 









i = J 




.0) v 2 
^ ) l 1 _ 
Following the suggestion of Smilg and Wasserman [2l], the determinant 
may he expanded to form a polynomial in X. The flutter determinant, 
Equation (29), and its corresponding polynomial is of order M where 
M is the number of modes. In general the coefficients and roots are 
complex numbers. If M is large, the expansion of Equation (29) hy 
cofactors is inefficient. In this analysis, the coefficients of the 
characteristic polynomial were obtained hy the Leverrier-Faddeev 
method [2^-]. Numerous methods of obtaining the roots of the character-
istic polynomial are available [2^]. 
Solution of the Flutter Equations 
By specifying the spanwise variation in the rotor blade 
geometric, inertial, and elastic properties, G. in Equation (30) is 
determined from Equation (21). The elements A.. of the aerodynamic 
matrix, Equation (23), may be evaluated if the spanwise variation of 
the aerodynamic coefficients L , L , M, , and M are known. These 
aerodynamic coefficients are complicated functions of Mach number, 
reduced frequency, inflow ratio, and frequency ratio which may be 
expressed as functions of the spanwise variable T). 
The aerodynamic coefficients are determined from the compress-
ible unsteady aerodynamic theories of Hammond [20], and Jones and Rao l_l£ 
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in a strip theory fashion. The influence of the two different 
mathematical models on flutter calculations is established. In 
addition, the relative accuracy and economical efficiency of each 
theory are considered. 
In order to reduce the computation of aerodynamic coefficients 
to a tractable form, tables of the coefficients were constructed. A 
series of tables were computed for a representative number of tip 
Mach numbers. For a specified blade, the tip Mach number yields the 
local value at chosen spanwise stations. In this analysis, eight 
stations were used in constructing the tables. Aerodynamic coeffi-
cients at additional stations were obtained by interpolation. Span-
wise interpolation of the coefficients was quite satisfactory. How-
ever, extreme care is required for interpolation on reduced frequency. 
Reduced frequency and frequency ratio are related through the blade 
geometry as 
Thus, interpolation of reduced frequency involves a variation in 
frequency ratio. As discussed earlier, the aerodynamic coefficients 
vary radically with frequency ratio near interger multiples of the 
number of blades. Satisfactory results were obtained by specifying 
a spectrum of tip reduced frequencies incremented at 0.0035 with 
R/\ = 23-0. 
The local inflow velocity was allowed to vary spanwise and 
was approximated by a combined axial momentum and "blade element theory 
[25] 
. / 2nE T U L ap n/ / /U . a0 ^ \
2
 L afffl . ^ "1 . . 
11 = ^ L 2 + iscos \ - V l i + i s c o s "J + — sin °y (33) 
The flutter speed for a helicopter rotor may be determined, 
as in the fixed wing case, by iteration of the characteristic poly-
nomial. The solutions are expressed in terms of the damping parameter, 
g , and oscillatory frequency, uo , of Equation (31) . 
The flutter speed is determined by specifying a tip Mach 
number and varying tip reduced frequency. This in turn specifies 
frequency ratio, local Mach number and local reduced frequency where 
Equation (33) is used to approximate the local inflow ratio. For each 
tip reduced frequency, Equation (31) determines the damping parameter 
and oscillatory frequency of each mode. A non-dimensional velocity 
is defined as 
\ 1 / •» 
b,uon k, W t 1 t m 
and plotted versus the damping parameter for each mode. The flutter 
speed is determined when the damping constant of one of the modes is 
zero. This process is repeated for various tip Mach numbers. 
The non-dimensional flutter speed as defined in Equation (3U) 
is a conventional fixed wing parameter which has "been adopted for use 
in most helicopter flutter analyses. It can be interpreted as a non-
dimensional rotor speed. 
In this analysis, compressible aerodynamics are used with an 
iteration procedure based on advanced selection of Mach number and 
reduced frequency. Thus, the additional parameter, atmospheric 
density is introduced by a selection of \i . The results of this 
iteration procedure correspond to a particular altitude. Thus, only 
one altitude is associated with each flutter speed. Mach number and 
flutter speed can be plotted for various values of \i and points of 




DISCUSSION OF RESULTS 
In the previous chapters the importance of compressible unsteady 
aerodynamic theory has been discussed. In this chapter the compressible 
theories of Hammond [20], and Jones and Rao [l8] are utilized to predict 
helicopter rotor flutter speeds. The influence of the two different 
mathematical models on flutter calculations is established. Numerical 
results of predicted flutter speed are compared with available 
experimental results. 
Comparison of Theory with Experiment 
An extensive review of the literature yielded only limited 
experimental flutter data to corroborate the predicted flutter speeds. 
Brooks and Baker [26] conducted an experimental investigation of the 
effects of tip Mach number on the flutter of helicopter rotor blade 
models. The blades used in the test were designed to be geometrically 
representative of normal helicopter configurations, and to flutter at 
speeds which would yield data at Mach numbers where compressibility 
effects might become important over a range of pitch angles. Correla-
tion could be attempted with only part of the results, since a large 
portion of their data was obtained with high pitch settings, so that 
the blade was undergoing stall flutter. Correlation is made with the 
blade model designated as blade 2 (R) in Reference [26]. This model 
had an NACA 23012 airfoil section with uniform spanwise blade properties 
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which are tabulated in Reference [26]. Table 1 presents the comparison 
of experimental and calculated flutter speeds. The non-dimensional 
flutter speed includes the ratio Jp/p which was introduced to 
reduce scatter of the experimental results obtained at different 
densities of the testing medium. The calculated flutter speeds in 
Table 1 were obtained using five modes. These modes included first 
torsion and first, second, third, and fourth bending. The first 
torsional frequency occurred between the second and third bending 
frequency. L'xamination of the calculated flutter data indicated that 
five modes were sufficient for this blade. Flutter was observed to 
occur as a coalescence of the first torsional mode with the second 
bending mode. The higher modes were strongly damped. 
The results in Table 1 indicate that the aerodynamic theories 
of Hammond [20], and Jones and Rao [l8] yield essentially the same 
flutter speed. The predicted speed is in good agreement with the 
experimental values. The predicted flutter speed without the wake in 
general yields less agreement. The data in Table 1 is based on a 
blade pitch angle of 7-2 . Lower pitch angles would produce larger 
errors when the wake is neglected. 
Typical damping plots used to obtain the data of Table 1 are 
shown in Figures 9 an(i 10. The oscillatory behavior of the damping 
parameter is to be expected from the discussion of the aerodynamic 
models. The abscissa of these plots corresponds to the non-dimensional 
tip speed which is a measure of rotor rotational speed. Therefore, 
as the rotational speed is increased, the aerodynamic damping of the 
Table 1. Comparison of Experimental and Calculated Flutter Speeds 
Brooks and Baker Hammond Jones and Rao Neglect ing Wake ' 
[26] [20] [18] [18] 
Mt J^K 
vt rr-




d h •Jp/po 
a 
d r VP/P0 
.1+16 1.000 6.3 6.12 6.06 6.6 
.1+33 .985 6.5 6.01+ 6.01+ 6.6 
.1+^+3 .9^8 6 0 o i 5.98 5.98 6.5 
.667 .966 5o58 5.89 5.86 6.37 
.693 1.028 5.53 5.92 5c9 60k8 
1.0 2.0 
Hammond [20] 
Jones and Eao [l8] 
7.0 
/ ' Brooks and 
Baker [26] 
Figure 9• Structural Damping Constant for a Model Helicopter Rotor at M = O.Ul6 as a Function 
of Hon-dimensional lip Speed 4^ OJ 
Brooks and Baker [26] 
1.0 7.0 
Effec t ive damping 
Jones and Rao [ l 8 ] 
Jones and Rao [ l 8 ] 
Without Wake 
Figure 10. S t r u c t u r a l Damping Constant for a Model Hel icopter Rotor a t M = 0.667 
Junc t ion of Non-dimensional Tip Speed 
-p-
-p-
aeroelastic system oscillates in magnitude until finally a dynamic 
instability occurs. Associated with each point on the damping plot, 
there is a corresponding frequency ratio. Although it is not indicated 
in the figures, the oscillation of the damping constant continues after 
the instability is experienced. It is suggested that the flutter speed 
for a helicopter rotor at low inflow be based on the curve labeled 
effective damping in Figure 10 where it intersects the abscissa. This 
eliminates the uncertainty associated with the oscillatory damping 
characteristics. 
In order to generate the effective damping curve of Figure 10, 
it is necessary to establish the oscillatory nature of the actual 
damping curve. It is necessary to insure that peaks in the damping 
curve are well defined. Satisfactory definition of the peaks was 
obtained by varying reduced frequency in increments of 0.0035 or less. 
The left portion of each peak Is well defined but the right portion 
exhibited abrupt changes in damping with constant increments in 
reduced frequency. The portions of the oscillatory damping curve away 
from the peaks are of little significance with respect to flutter speed 
determination. 
Evaluation of Computational Efficiency 
The aerodynamic theory of Jones and Rao [l8] requires signifi-
cantly less computer time than the theory of Hammond [20]. The computer 
time required to compute the aerodynamic coefficients in Equation (l6) 
using Hammond's theory was found to be a ,:trong function of Mach number. 
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In contrast, the computer time required by the theory of Jones and 
Rao was virtually independent of Mach number. Numerical calculations 
using Hammond's theory on a Univac 1108 at Mach numbers of 0.0 and 
0.80 required 170.0 and UUO.O seconds respectively. The correspond-
ing computer times using the theory of Jones and Rao was 5-0 and 6.0 
seconds respectively. This significant difference in computer time 
can be attributed to differences in numerical methods and the 
mathematical models of the rotor wake. 
CHAPTER V 
CONCLUSIONS AND RECOMMENDATIONS 
The compressible unsteady aerodynamic theories of Hammond [20] 
and Jones and Rao [l8] were utilized in conjunction with a flutter 
analysis to establish a flutter criteria for helicopter rotors. The 
influence of the two different mathematical models on flutter calcula-
tions was established. 
Conclusions 
1. The compressible unsteady aerodynamic theories of Hammond 
[20] and Jones and Rao [l8] yield essentially the same results for 
flutter speed. 
2. The aerodynamic theory of Jones and Rao [l8] requires a 
significantly less amount of computer time than the theory of I Lammond 
[20]. 
3. An analysis of the aeroelastic instability of a helicopter 
rotor at low inflow should include wake effects. 
h. The flutter speed for a helicopter rotor should be 
determined from the curve labeled effective damping in Figure 10. 
Re commendat ions 
A number of general suggestions are offered concerning the 
directions future studies of the rotary wing flutter problem might 
take. 
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1. Probably one of the greatest needs is additional 
experimental flutter data. An experimental program should definitely 
include the possibility of operating the rotor under compressible flow 
conditions, since the trend in present helicopter design is toward 
the high subsonic speed range. 
2. An improved vibration analysis should be incorporated in 
the flutter analysis. This would facilitate the study of a wide 
variety of rotor configurations. The vibration analysis developed in 
Appendix A could be modified to incorporate the inplane degree of 
freedom, spanwise variation in blade twist and a variety of root 
boundary conditions. 
3. An experimental program should be conducted to validate 
the normal mode method of vibration analysis for helicopter rotors. 
Such a program could be conducted by varying rotor speed in a vacuum 
chamber. 
k. An obvious extension of the present study is an unsteady 
compressible three-dimensional aerodynamic theory applicable for 
flutter analyses at forward speeds. This type of theory is desirable 
in order to more realistically represent the aeroelastic characteristic?: 
of helicopter rotors. 
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APPENDIX A 
INTEGRATING-MATRIX METHOD FOR DETERMINING THE COUPIED 
BENDING-TORSIONAL NATURAL VIBRATION CHARACTERISTICS OF 
HELICOPTER ROTOR BLADES 
In t h i s a p p e n d i x , a c o u p l e d b e n d i n g - t o r s i o n a l n a t u r a l v i b r a t i o n 
a n a l y s i s I s p r e s e n t e d . Th i s f o r m u l a t i o n i s s i m i l a r t o a r e c e n t s t u d y 
by H u n t e r [ 2 3 ] of t h e n a t u r a l b e n d i n g v i b r a t i o n c h a r a c t e r i s t i c s of 
p r o p e l l e r b l a d e s . I n H u n t e r ' s me thod , an i n t e g r a t i n g m a t r i x I s 
d e v e l o p e d as t h e b a s i s f o r t h e method of s o l u t i o n . The i n t e g r a t i n g 
m a t r i x i s a means of n u m e r i c a l l y i n t e g r a t i n g a f u n c t i o n t h a t I s 
e x p r e s s e d i n t e r m s of t h e v a l u e s of t h e f u n c t i o n a t e q u a l i n c r e m e n t s 
of t h e i n d e p e n d e n t v a r i a b l e . I t i s d e r i v e d by e x p r e s s i n g t h e I n t e g r a n d 
as a p o l y n o m i a l i n t h e form of Newton ' s f o r w a r d - d i f f e r e n c e i n t e r p o l a t i o n 
f o r m u l a . 
The s o l u t i o n t o t h e g o v e r n i n g d i f f e r e n t i a l e q u a t i o n s of mot ion 
i s d e v e l o p e d e n t i r e l y i n m a t r i x n o t a t i o n which a l l o w s t h e n u m e r i c a l 
s o l u t i o n t o be d e v e l o p e d i n a compact and o r d e r l y f a s h i o n . The m a t r i x 
d i f f e r e n t i a l e q u a t i o n s a r e t h e n i n t e g r a t e d r e p e a t e d l y by u s i n g t h e 
i n t e g r a t i n g m a t r i x as an o p e r a t o r . Nex t , t h e c o n s t a n t s of i n t e g r a t i o n 
a r e e v a l u a t e d by a p p l y i n g t h e b o u n d a r y c o n d i t i o n s . F i n a l l y , t h e r e s u l t -
i n g m a t r i x e q u a t i o n I s e x p r e s s e d i n t h e f a m i l i a r c o n c i s e form of t h e 
e i g e n v a l u e p r o b l e m . 
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Development of the Integrating Matrix 
The integrating matrix is a numerical method based on the 
assumption that the function f (y) may "be represented by a polynomial 
of degree r as 
2 r 
f(y) = aQ + axy + a2y + ... â y (A-i; 
Let f. denote the value of f(y) at the station y = y. 
where i = 0, 1, 2, ..., r. If the stations are assumed to be 
equally spaced, then y. = y + iP where P Is the spacing interval, 
In proceeding with the development of the integrating matrix, 
it is convenient to choose a specific polynomial as an example. If 
the function is assumed to be approximated by a third-degree (r = 3) 
polynomial, then Newton's forward-difference interpolation formula of 
order three can be used as 
f(y) = g(s) 
fo + Ti s A l fo + 2T s(s_1) ^\ 
+ ±- s(s-l)(s-2) A3fQ 
where 
s = (y - y)/P 
A f0 = f(y0 + P) - f(y0) = f± - fQ 
Anf0 - A^f(y Q + P) - A
11"1 f(y0) 
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This leads to 
(s) = fQ + s ^ - f j 
+ I (S" - sAf2 • f0 
+ | ( s 3 - 3 s 2 + 2 s ^ f • 3f2 + 3fx fQ 
I n t e g r a t i o n of t h i s funct ion wi th r e spec t to s y i e l d s the des i r ed 
approximate i n t e g r a l of f(x) as 
y 
\ f (y) dy = P (s)ds 
y± 
and for the case of the t h r e e i n t e r v a l s "between y and y the 
r e s u l t s i s 
f (y)dy = ^ 9 f Q + 1 9 ^ - 5f2 + f ) (A-2a; 
y 2 





f ( y ) i y = lrlfo 5f1 + i9f2 + 9 i 3 / ; A-2c 
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The funct ion f (y) may be i n t e g r a t e d over a l a rge number of 
equal l eng th i n t e r v a l s by repea ted use of Equation (A-2b). Thus, 
from Equations (A-2) t he numerical i n t e g r a t i o n of f(y) over each of 







f (y)dy = ^ j - ^9fQ + 1 9 ^ - 5f2 + f( 
f (y)dy = ^ (-fQ + 13t± + 13f, 
f (y)dy = ^ ( - ^ + I3f2 + I3f3 - f 
y, 
y 





f + 13 f 0 + 1 3 f n -
 f 
n-3 n-2 n - l n 
f(y)dy = £ (f. 2% VXn-3 5f 0 + l9f + 9f n-2 n - l n 
> (A-3: 
n - l J 
E q u a t i o n (A-3) may be e x p r e s s e d i n m a t r i x n o t a t i o n as 
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y i 
f (y)clyh = 





f ( y ) d y 
f(y)dy] = < 
i - l 
J £(y)dy ^> 
f ( y ) d y 
J n - 1 . 
V- J 
(A-kh) 
{'}- < > 
n 
v̂  J 
0 0 0 0 0 0 0 — 
9 19 - 5 1 0 0 
1 13 1 3 - 1 0 0 
0 - 1 13 13 - 1 0 
\ 
0 0 - 1 13 13 - 1 \ 
\ x \ \ \ \ 
\ \ \ \ \ \ 
\ \ \ \ \ \ 
\ \ \ \ \ 
\ \ \ \ ' 
0 - l 13 13 
0 0 l -5 19 
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As noted earlier, the matrix A is based on a third degree polynomial, 
In a similar manner, matrices such as this were determined hy Hunter 
based upon polynomials up to seventh degree. 
The integral of f(y) from y to y. may be obtained by 
merely summing the integrals given for each interval from y to y.. 
Thus, 
y y- y, i "1 u2 
f(y)dy = [ f(y)dy + [ f(y)dy + . . . 
y, 0 y o y I 
(A-?: 
. . . . + f(y)dy 
y i-l 


























1 0 0 0 0 
1 1 0 0 
1 1 1 0 
" 1 \ 
LBJ = 1 1 1 1 \ 









It may "be noted that the first column of B is arbitrary and the 
ones are chosen for uniformity. 
Substituting Equation (A-Ua) into Equation (A-8a) and replacing 
[A ] by the matrix I A I by the general matrix [AJ gi lves 
y i 
f (y )dy = J [Ar.' J{= 
Yr 
The i n t e g r a t i n g mat r ix i s defined as 
(A-9) 
[ l = B A _ r (A-10) 
and Equation (A-9) becomes 
y i 
{ J f(y)dy} = [l] {f 
yo 
'A-n: 
which is the desired matrix expression. Thus, the premultiplication 
by the integrating matrix of a column matrix defining the function 
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f(y) yields the numerical integration of f(y) from yQ to y. 
where 1 = 0., 1, 2, ... , n. 
By using Newton's forward difference interpolation, the 
integrand may he represented conveniently "by polynomials of any degree. 
The interpolation formula avoids the solving of a set of simultaneous 
equations since it implicitly contains the polynomial coefficients in 
terms of the values of the integrand at each station. Also, the 
integrating matrix as developed by Hunter [23] can he applied to any 
number of stations as long as n = r. 
Vakhitov [27] earlier developed a numerical method by a different 
approach. He developed a matrix formulation based on a combined inte-
grating matrix and differentiating matrix. Matrix operators were 
approximated over two intervals by passing a parabola through three 
equally spaced points. Although Vakhitov's method represented a 
different approach, Hunter's method achieves a higher degree of 
systematization and applicability. 
Equations of Motion 
The differential equations of motion for combined hending and 
torsional deformations of nonuniform rotating beams are developed in 
detail by Houbolt and Brooks [28]. A subcase of the general equations 
of motion in Reference [28] is used in this analysis. The following 
simplifications are made to the general set of equations as presented 
in Reference [28]: 
(a) This subcase i s the coupled bending and t o r s i o n a l 
equa t ions , wherein the inplane degree of freedom i s 
d e l e t e d . 
(b) The b lade i s assumed t o have zero b u i l t - i n t w i s t . 
(c) The t e n s i o n ax is which i s defined as the spanwise locus 
of the cen t ro ids of the c r o s s - s e c t i o n a l a rea e f f e c t i v e 
in ca r ry ing t ens ion i s assumed t o coincide wi th the 
e l a s t i c a x i s . 
(d) The component of t e n s i l e s t r e s s in a plane normal t o the 
e l a s t i c ax is i s assumed t o produce a, n e g l i g i b l e t o r s i o n a l 
re s i s t i n g moment. 
With the a d d i t i o n a l assumption of simple harmonic motion, the coupled 
b e n d i n g - t o r s i o n a l f ree v i b r a t i o n equat ions app l i cab l e here are 
(EIW") - ( V ) - ^ 2 ( s ^ ) (A-12) 
2 2 
- 0) mw - ou S » = 0 
( G J < * ' ) - ^2S c yyw
/ - ^ ( ^ - i j a ( A - 1 3 ) 
+ uu2SWW + w 2 I & = 0 
where the prime n o t a t i o n i n d i c a t e s the d e r i v a t i v e with r e spec t t o y . 
The a x i a l t en s ion T along the span can be obta ined from 
T + P/ my = 0 (A-HO 
Solution of the Equations of Motion 
The coupled, differential equations are of different order. The 
solution may be conveniently formulated by integrating each equation 
separately, applying appropriate boundary conditions, and then combining 
the resulting matrix equations into a single partitioned-matrix equation, 
Equation (A-12) may be expressed in matrix form as 
M w H {•'})' A-15: 


























































Equation (A-15) may be integrated numerically by premultiplyin^ 










where SKI r is a constant of integration matrix consisting of a column 
of equal elements. The constant of integration matrix may be evaluated 
for a specific set of boundary conditions. In this formulation, the 
constant of integration matrix is retained after each repeated application 
of the integrating matrix. For completeness, these constant of 
integration matrices will be evaluated for a specific set of boundary 
conditions following the integration of Equations (A-12) and (A-13)• 
Equation (A-l̂ -) may be written in matrix form as 
[T] = - Q
2 [m] [y] (A-lUa) 
Also the second term of Equation (A-17) may be expressed as 
M M - { ( [ * ] { * } )}-[*]{*} (A-18) 
Substituting Equation (A-lAa) into Equation (A-l8) and then substitu-
ting the result into Equation (A-17) gives 
{(HMy-(WB)'}-2HH« <*-«> 
- «2 hi M H -« H M tt 
- *2 H H {«}• W = H 
Integrating this matrix differential equation by again operating 
with the integrating matrix gives 
[ElJ {W«} - [T] {«} - O
2 [l] [m] [y] {„} (A-20) 
- «2 H E*J W H - *2 H2 H W 
- *2 H M tt+ H to• to = (°) 
Equation (A-20) may be premultiplied by the inverse of the 
bending stiffness matrix EI and then integrated twice. The result 
after each of the successive integrations is given by the following 
equations: 
w '} - H H1 H H - "2 H [-I t ] W M w (A-21) 
tf H H'1 H W H H - *2 H H1 H2 [ m M w 
- uu H H'1 H2 H W+ H W"1 H « 
H H (* 2J U V =1° 
W 
,2 „- - , -1 -,2 *- - , -1 
- H H" M H - "2 H M" H M M tt <-*> 
,2 *- - , -1 2 ^ - , - 1 ,_ -,2 
tf H M H H W H - »a H M H H w 
,2 r n - l r n2 2 «- - , -1 
- 0) H N H M H+ H M H W 
2 „. - , -1 
H H K 2i
+H W + K) = 
In order to evaluate the constant of integration matrices in 
Equation (A-22) cantilever-free "boundary conditions are assumed. 
These boundary conditions are 
w = 0 
o 





EIw ) = 0 
n 
(A-25! 
EIw" J - (TW') - Q2 (s yaO = 0 





where the subscripts o and n indicate that the associated quantity 
is at the root ij - y j or at the tip (y = y J. 
In order to extract the appropriate conditions at y = y 
and y = y from the preceding relations> the following operator 




1 0 0 
1 0 — - 0 
i I I 
i \ I 
i I I 
f ! ( 
1 0 — — 0 
0 — — — — — — 0 1 
1 I I 
I ! I 
I I I 
I 1 1 
0 — . _ _ _. 0 1 
>-28a) 
'A-2&V 
The constant of integration matrix VK [ is evaluated by pre-
nJ 
mul t ip ly ing Equation (A-17) "by 
t i o n given by Equation (A-26). Since 
m u l t i p l i c a t i o n gives 
and applying the boundary condi-
nJ 
K-. h = iKA \ , the pre-
K-, f = 0) H ¥ f + O) L L n j [Sc*, u\ (A-29) 
S u b s t i t u t i n g Equation (A-29) for | K , r i n t o Equation (A-20/ 
I 
premul t ip ly ing by I '. 
nJ 
and applying the boundary condi t ions of 
Equat ions (A-25) and (A-27) y i e l d s 




W W + ^ LLnJ ?\ 1 « , M l ;A-3O; 
+ uo 
r- ^ 2 
LLnJ 




- — - i — — — — v -
L 
_ n_ j] L _ nJ 
I m 
_ ^ 
wr - OJ L I L _ n_ 
I [Sc 
Premultiplying Equation (A-21) by 
boundary condition given by Equation (A-2̂ +) yields 
L and applying the 
K ) = \0 A-3D 
Similary, the premultiplication of Equation (A-22) by 
o j 
and 
applying the boundary condi t ion given by Equation (A-23) y i e l d s 
V ::i0 
(A-32) 
Substituting Equations (A-29)3 (A-30), (A-31) and (A-32) into 




- 1 * 1 
T 
_ ^ 
,2 ^ - . -1 
W - "2H H " H W W W (A"33 
_ n 2 *• - , - 1 ,- ~i2 
-n2 H M H hi W {«} - ̂  H [EIJ " H W W 
- U) 
" I r- n2 ,_ -,2 «- - , -1 
H EEIJ " H EsJ 14+ »2 H EEI] ' H [LJ H H W 
+ uu 
n2 
!EI] " H [LnJ L S ^ \ct\ + Q2 





I m _ ^ L y , w 
+ Qc ti EI _ ^ 
- 1 r -
1 L L ru I Jo* 
^ 
A C ĥ + 0) 
•e - 1 2 •\ ~ 
EI L L n_ I 
m 
_ \ w 
+ (JU2 i 
2 K- - , - 1 r- n 
] EEI] L nJ L J 




_ n_ I , 
L 
_ ru , I 
m 
_ I: w 
r- - , 2 
- (JD EI 
- 1 r-
W H [ L n j L J 'a at - 10 
A relation for the axial force T may be obtained from 
Equation (A-lU). Integrating this equation numerically gives 
{T} + Q
2 [l] [m] [y] {l} + {K } = { (A-31*) 
P remul t ip ly ing Equation (A-3^-) hy 
cond i t ion of Equation (A-27) gives 
L 
L nJ 
and applying the boundary 
y=-°2 H H W H t 
If the matrix F I is defined as 
(A-35! 
H-LH-W] A-36) 
then Equation (A-3̂ -) may be expressed by 
T = W H m A-37) 
Equation (A-33) requires that the axial force matrix [ij 
be a diagonal matrix; however, Equation (A-37) is a column matrix. 
To transfer the elements T. of the column matrix to a diagonal matrix, 
let QI be a diagonal matrix whose diagonal elements are the same 
as the elements of the corresponding row elements of the column matrix 
F ] H M i1} • Thus' 
9 
bl - "2 M (A-38) 
whe r e 
[Q] = diag [F] [mj [y] (A-39) 
S u b s t i t u t i n g E q u a t i o n (A-38) i n t o E q u a t i o n (A-33) SJICL u s i n g 
E q u a t i o n (A-36) t o combine t e r m s y i e l d s 
w 
2 ^ - , -1 
+ Clc H M 
2 *. - , -1 
+ n' H M 
2 ^ - , - i 
tf W M 
2 ^ - , -1 
- (JU H [-] 
2 ^ - , - i 
- (JU H M 
M b F m ! y w 
'] W D yj l0^ 
a w 
F | [IT 
M cxY = SO 
:A-UO) 
Equation (A-13) may be written in matrix form as 
{(MMA-^HMH w [k-kl) 
- "2 lh - z2] W
+ *2 EsJ ("} 
• *2 H {«} = H 
The ma t r ix D i s a d i f f e r e n t i a t i n g mat r ix obtained from Newton's 
forward-d i f fe rence i n t e r p o l a t i o n formula of the four th order given 
by 
f(y) = g(s: 
= t. 
1 1 
+ ^ 7 s ( s - 1} A" f o 
3 ! 
s(s - 1) (s - 2) A3 f 
+ J~r s ( s - 1) (s - 2) (s ~ 3) AU f 
71 
n 
where s and A f have been defined in the development of the 
integrating matrix. Expansion of the difference formula "becomes 
:(s) = fr 
+ l f i - fc 
+ \ (S" " S)(f2 - 2fl + f0 
+ \ (s3 " 3s2 + 2s)(f - 3f2 + 3fx - fj 
+ ̂  (sU - 6s3 + lis2 - 6 s ) ^ - kf + 6f2 - U ^ + fQ) 
Differentiation of this function with respect to s yields the desired 
approximate derivative of f(y) as 
df(y) „ 1 dg(i 
dy P ds 
72 
and the resulting differentiating matrix as 
-25 ^8 -36 16 -3 0 
- 3 - 1 0 1 8 - 6 1 0 -
1 - 8 
r 1 1 
.DJ=12P 
\ 
0 8 - 1 0 
\ \ \ \ \ \ 
0 \ \ \ \ \ \ 
\ \ \ \ \ \ 
\ \ \ x \ \ 
\ \ \ \ x \ \ 
\ \ \ \ x \ 
\ \ \ \ \ \ 
0 1 - 8 0 8 - 1 
0 
0 0 -1 6 - 1 8 10 3 
0 0 3 - 1 6 36 -kQ 25 
Equation (A-Hl) can be numerically integrated by premultiplying by the 
integrating matrix I to give 
GJ a'\ - tf 
- ~ "\ ^ ~ - — 
T S y D 




xi " -2, 
OiY + OJ 
L QSI 
- 0) 
. ^ 1 01Y + IK 
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and again integrating numerically with 




- 1 r- -, 
\ , [y^ D {w (A-i43: 
- rt 
+ (JU 
> ] " [l] [lx - IJ {» 
I iX 
- 1 
>] % , w 
uo GJ 






The constant of integration matrices 1 K> r and iK^r can be evaluated 
by applying the following boundary conditions for the cantilever-free 
rotor. 




These conditions can be written in matrix form as 
L OJ 
oi\ = iO 'A-U6' 
HC< G J 1 a Y = 1 0 (A-i+7) 
Premul t ip ly ing Equation (A-^-2) by 
y i e l d s 
L 
L nJ 
and applying Equation (A-^7) 
KA = V H i LiJ L "SJ W [D] ' (A-i+8) 
+ Q£ L 
L nJ 
H lh - hi ia 
- UJ W H w t 
- (JO W H au r -i H 
Premult iplying Equation (A-U-3) by L and applying the boundary 
condition given by Equation (A-U6) gives 
Kr A-i+9) 
Substituting Equations (A-48) and (A-^9) into (A-43) yields 
- Q< ] G J J ' H [h - Z2] {' 
+ (JU 
r " ^ - 1 - - ^ 
i GJ I s„, _ _ _ \. _ _ _ 0 ^ w 
+ (JO TG, 
-,-1 
L \J 1 I > C 
+ cr _JJ LGJJ L L J L1. 5cd y] [D] {W} 
+ Q c [GJ 
- 1 ,-
LLJ LJJ L 1 ! - X2J v \ 
- uu 
r _ ^ - 1 R 
I GJ L I S 
_ _ i. _ ru _ _ _ c^ 
- (1) I ^GJ^ 
- 1 r -
LLJ LzJ W W = 
75 
cy^ - tf 
r- - "s -1 - 1 - n ^ ^ " - -| 
I GJ I s„ y D _ ^ L J _ a^ _ il _ _ w 
>5o: 
Substituting F I defined by Equation (A-36) simplifies this 
expression to 
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HE* y w > - 5 0 a ) 
+ ft' 
, - 1 r-
lGJ4 LFJ L J i - X2J a 
- (JU 
r - ^ - 1 <; 
I _GJJ , F L S « , w 
- (JU H W 
- l 
ah = 10 
Combining t h e c o e f f i c i e n t s of yvrr and jarf i n E q u a t i o n s (A-^-0) 
and (A-50a) w h i l e k e e p i n g t h e uu t e r m s s e p a r a t e y i e l d s 
, - 1 -
[ H+ Q2 H [EI] [ [F] H W • [Q] ] J W (A_5i) 
+ Q£ 
r- - 2 ^ - 1 r- - ^ "1 s 
I E I "p s j y _ NJ _ a j _ iv 
= uu 
p - 2 ^ - 1 - H 2 <\ 
I E I JJ m _ _ L ^ „ ^ V 
+ (JO I 
2 
LE\ 
- l - n2 X 
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s^ D w >-52) 
l l + Q2 GJ _ \l 
- i - l r- -n 
_T1 - I J ] {" 
= O) H M ' H M w 
+ 0) I \l] 
- 1 r- -n 
F X 
Equations (A-51) and (A-52) can be combined into a single par t i t ioned 
matrix equation as 
2 
uu [A] W (A-53) 
whe re 
M = < - > 
j 
A 
2^ -.-1 ,_ _,2 




r - ^ ~~ - 1 <\ ~| 
I GJ F ' 1^ 







i EI _ \ F A 
_ - 2 ^ _ - 1 - -
[\ 
K 
I EI F -H 
a I LAl 
-JL 
F _sd D 1 L Ĵ 
! tf 
W n p 
A LA1 F AA. 
The eigenvalue problem defined by Equation (A-53) can be written in a 
more familiar form by defining a dynamic matrix, C , as 
"-I 







which can be solved by many available techniques 
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